A longstanding problem in the study of sediment transport in gravel-bed rivers is related to the physical mechanisms governing bed resistance and particle motion. To study this problem, we investigated the motion of coarse spherical glass beads entrained by a steady shallow turbulent water flow down a steep twodimensional channel with a mobile bed. This experimental facility is the simplest representation of sediment transport on the laboratory scale, with the tremendous advantages that boundary conditions are perfectly controlled and a wealth of information can be obtained using imaging techniques. Flows were filmed from the side by a high-speed camera. Using image processing software made it possible to determine the flow characteristics such as particle trajectories, their state of motion ͑rest, rolling, or saltating motion͒, and flow depth. In accordance with earlier investigations, we observed that over short time periods, sediment transport appeared as a very intermittent process. To interpret these results, we revisited Einstein's theory on sediment and derived the statistical properties ͑probability distribution and autocorrelation function͒ of the key variables such as the solid discharge and the number of moving particles. Analyzing the autocorrelation functions and the probability distributions of our measurements revealed the existence of long-range correlations. For instance, whereas theory predicts a Binomial distribution for the number of moving particles, experiments demonstrated that a negative binomial distribution best fit our data, which emphasized the crucial role played by wide fluctuations. These frequent wide fluctuations stemmed particle entrainment and motion being collective phenomena rather than individual processes, contrary to what is assumed in most theoretical models.
I. INTRODUCTION
The objective of this paper is to describe the statistical properties of experiments on two-phase flows involving coarse particles driven by gravity and drag exerted by a water turbulent flow. This issue is closely related to the microstructural understanding of particle transport in waterways or industrial pipelines. Despite substantial progress made over the last two decades in the physical understanding of the motion of coarse particles in a turbulent stream, the ability to compute bulk quantities such as the sediment flux in rivers remains poor. For instance, the sediment flow rates measured in gravel-bed rivers differ within one to two orders of magnitude from the bed-load transport equations ͓1-3͔, even though these equations have been established from flume experiments using regression techniques and are believed to provide a proper evaluation of sediment transport in a wellcontrolled laboratory environment. Surprisingly enough, simple power-law models relating the sediment flow rate to the water flow depth can perform better than more sophisticated physically based models ͓3͔.
At first glance, this situation may be seen as paradoxical since experiments usually reveal a simple behavior, e.g., a linear or pseudolinear dependence of the solid discharge on the water discharge. Figure 1 shows the typical linear trends that we observed with our experimental setup. Similar trends were also obtained with alternative experiments in long flumes and field data ͓4,5͔. This apparent simplicity, however, challenges our capacity of providing simple analytical explanations.
Impediments to a full analytical approach to two-phase flows are many: complex interplay between the particles and FIG. 1. Solid discharge ͑volume flow rate q w or flux of beads ṅ ͒ as a function of the water discharge for different channel slopes in our flume. the carrying fluid, particle exchanges between the bed and the flow, turbulence effects ͑bed friction, advection of turbulent structures͒, etc. That is why most models are based on substantial approximations of the interplay between the solid and fluid phases. In the field of bed-load transport, the meanfield approximation primarily proposed by Bagnold ͓6,7͔ is a pervasive assumption. According to this hypothesis, the fluid shear stress at the bed 0 equals the threshold value c corresponding to incipient motion of particles; the difference between the total bottom shear stress and 0 provides the shear stress in the solid phase. Interpreting the latter stress as the result of momentum transfers between the solid and fluid phases makes it possible to theoretically compute the number of particles that can be entrained and maintained in motion, and thereby the solid flow rate ͑or solid discharge͒ ͓8͔. This type of approximation leads to a solid discharge q s in the form q s ϰ ͑ − c ͒ 3/2 . When compared with laboratory experimental data or field measurements, this scaling correctly describes the sediment transport for steady uniform or gently varying flows at sufficiently high solid discharges ͓9͔. There are, however, a number of clues that indicate that Bagnold's formulation may be flawed or crude. First, for this scaling to match experimental observations, the bulk particle friction coefficient introduced by Bagnold must be fit to unphysical values ͓10,11͔. Second, for flow conditions that depart from steady uniform flow conditions, Bagnold's approximation yields poor results, notably for flows over arbitrarily sloping beds ͓12͔ or at low levels of solid discharge ͓10,13͔. Third, if bedforms ͑dune or antidune depending on the value of the Froude number͒ are interpreted as resulting from a loss of linear stability in the coupled fluid-solid system, the Bagnold assumption fails to capture the necessary physics since the resulting equations of motion do not show any instability ͓14͔.
From the physical point of view, Bagnold's approach takes its origin in the strong belief that sediment transport results from an equilibrium in the momentum transfer between solid and liquid phases. The mean-field treatment applied by Bagnold conflicts with a noticeable feature of sediment transport: its intermittent nature at low flow rates. In his simplified fluid-mechanics treatment, Bagnold averaged the temporal and spatial variability of near-bed turbulence to derive an averaged momentum transfer between the fluid and solid phases. However, both laboratory and field measurements reveal that particle movement occurs for a period of time followed by a period in which no motion occurs ͓15-17͔. At low flow rates, intermittent motion occurs when the near-bed downstream velocity is sufficiently high to destabilize stationary particles and set them in motion. This situation corresponds to instances in which the instantaneous near-bed velocity outweighs its mean value as a result of near-bed turbulence and does not correlate well with the mean flow conditions far from the bed ͓13,18͔.
In contrast to Bagnold, Einstein realized how important it is to account for the episodic nature of particle transport in computing the solid discharge ͓19͔. In Einstein's view, sediment transport does not result from an equilibrium in the momentum transfers between solid and liquid phases, but rather from the difference between the entrainment and deposition rates, E and D, respectively, which are a function of the flow conditions and bed geometry. Stated more explicitly, this amounts to writing that on a small interval ␦x, the solid discharge variation is ␦q s = ͑E − D͒␦x. The solid discharge at bed equilibrium is the implicit solution to the equation E = D. Einstein's stochastic approach raises a number of issues that have received few responses to date. For instance, since particles move sporadically and in different groups, the solid flow rate is made up of a series of pulses and is highly fluctuating, which makes it difficult to define and measure it properly, even under steady flow conditions ͓20͔. Both field and laboratory experiments have revealed that instances in which the instantaneous solid discharge is four times higher than its mean value are frequent ͓21-23͔. Translated statistically, this observation means that the probability density functions of the transport-rate records have a thick tail and depart from the expected Gaussian behavior. This departure can be seen as the hallmark of collective motions ͓24͔; if so, this also implies that any mean-field approximation runs into difficulty since cooperation between particles is not accounted for.
This paper aims to gain insight into the statistical properties of idealized sediment-transport experiments. Fundamentally, we note that every bed-load transport model must use ad hoc parameters adjusted on experimental data. This recourse to fitting is widespread and likely unavoidable given the complexity of the physical processes involved. However, this practice makes it difficult to test the reliability and performance of a physically based model and, in a sense, blurs the physical picture drawn from experiments by enforcing agreement. Testing model efficiency must then be carried out using alternative tools. Here our claim is that analyzing the statistical properties of measured and predicted variables offers a more robust and stringent framework than the usual comparison between predicted and measured quantities.
Our idea was to run experiments in an inclined, twodimensional flume with a continuous particle supply and steady flow rate. This two-dimensional flume is assumed to be the simplest representation of sediment transport on the laboratory scale and presents overwhelming advantages: the boundary conditions can be controlled and most of the flow variables can be measured using image processing. Since a quantitative comparison between theory and experiment is biased by any parameter fitting, we tested theory by analyzing the probability distributions and correlations of the signals measured. Here we have considered Einstein's theory as the prototype of theories prone to probabilistic interpretation. In Sec. II, we will reformulate the original formulation given by Einstein ͓19͔ to make the physical arguments more apparent. In Sec. III, we will present the experimental facilities and procedures. Finally, in Sec. IV, we will interpret our results from the probabilistic point of view. A short video clip showing a typical experiment is available as an EPAPS document ͓25͔.
II. EINSTEIN'S THEORY REVISITED
Using ad hoc arguments, Einstein derived a bed-load equation, which has been considered as the cornerstone of probabilistic theories of bed-load transport ͑see Ref. ͓19͔, pp. 29-38͒. Taking inspiration from the work done by Lisle et al. ͓26͔ and Papanicolaou et al. ͓27͔ , we assume that sediment transport at low flow rates can be described using a birthdeath process. Essentially we are trying to generalize Einstein's theory and to cast it in more physical terms and derive the statistical properties of the key variables. After specifying notations ͑Sec. II A͒, we will present a generalized Einsteintype model ͑Sec. II B͒. The Appendix outlines Einstein's original method for computing the sediment-transport rate.
A. Objective and notations
We consider a two-dimensional, steady water stream flowing down a bed, the mean slope of which is denoted by . The bed is made up of mobile, spherical particles of equal radius a and density p . The water flow rate q w is prescribed at the channel entrance. In the meantime, the flume is supplied with particles identical to those making up the bed in such a way that there is bed-load equilibrium, i.e., on average over long time intervals, there is neither erosion nor deposition along the bed. Figure 2 provides a sketch of the flow configuration.
A few solid particles are entrained by the water stream: the particles can roll/slide along the bed or they can leap and stay in saltation in the water stream for short periods of time. We refer to the former motion as the rolling regime and to the latter as the saltating regime. Since we are especially interested in weakly intense bed-load transport, emphasis is given to flows with a fairly low fluid velocity. In this case, the trajectory of one particle exhibits a succession of rests and moves in a rolling or saltating regime, which may make it difficult to accurately discriminate the motion regime. For the sake of simplicity, we will assume here that there is only one species of moving particles, which is referred to as the moving ͑i.e., saltating and rolling͒ particles M.
In a typical bed-load transport problem, knowing the control parameters of this flow configuration ͑q w , , a , p ͒, we wish to determine the flow properties: flow depth h, solid discharge q s ͑number of particles per unit time conveyed by the flow, measured in m 3 /s͒, and mean flow ū f . For this purpose, we consider a control volume V, within which we follow up the particles and the fluid motion; we pose V = S ϫ L, where the length is denoted by L, the volume by V, the cross section by S = hW, where W represents the flume width. Here, instead of focusing on the relationships between the mean values, we seek the statistical properties of the key quantities such as the solid discharge.
B. Birth-death process as a generalization of Einstein's model
The solid discharge can be defined as the flux of particles through a flow cross section S: q s = ͐ S u p · kdS, where k is the unit normal to S. This definition, suitable for continuum fields, is not well suited to discrete elements. A more convenient definition is to introduce the flow rate in terms of the probability P͓u p ͉ x , t͔ that a particle crosses the control surface S at position x and time t with velocity u p ,
Under steady conditions ͑‫ץ‬P / ‫ץ‬t =0͒, this definition can be worked out as
in which the ensemble average has been replaced by a volume average and v p is the particle volume. The integration has been made on the control volume V. We have also used u i = u p · k the streamwise velocity component of particle i and n the number of particles in motion in the control volume. Therefore, in the following, we shall define the flow rate ṅ
In order to compute the discharge equation, we need to establish ͑i͒ the number n of particles in motion and ͑ii͒ their velocities depending on the control parameters ͑q w , , a , p ͒. In order to compute the number of particles in motion, we can draw an analogy with chemical reactions. If the particles resting on the bed surface are denoted by B, the moving particles by M, we can represent the exchanges between the two phases in the following way:
From these equations, we can establish a kinetic equation, which tells us the rate at which exchanges occur between the species B and M. The time variation in the number of moving particles is
where n b→m is the number of particles dislodged from the bed and n m→b is the number of moving particles that are left to rest within the observation window. These population exchanges are associated with the characteristic times t b and t m , which are in turn related to the mean times during which a single particle stays at rest or moves, respectively, and ͓see Fig. 3͑a͔͒ . We can also use Eq. ͑4͒ to define the entrain- Fig. 3͒ . Using the correspondence between the Poisson and exponential distributions, we also deduce that the number of events ͑deposition and/or entrainment͒ that occur per unit time is distributed according to a Poisson distribution: the probability that we observe k entrainments of the same particle within the time interval ␦t ͑of any duration͒ is given by Prob͑k ; ␦t͒
The autocorrelation function of a random variable X being defined as
where ͗·͘ denotes time averaging and X the mean value, we find that the autocorrelation function for the telegrapher's process is ͑s͒ = exp͓−͑1/ +1/͒s͔ ͓28͔. This description is a simplified probabilistic Lagrangian description of a single particle's motion. We generalize it to obtain a Eulerian viewpoint, where we describe the motion of n particles within an observation window. Within our observation window of length L =2a ӷ a ͑ being a free parameter that can take any value͒, we assume that on average, the particle flux is steady, which means that the particles that leave the window are replaced by other particles coming from upstream. Within this window, there are approximately N = particles lying over the bed surface, either at rest or in motion. The number n of particles in motion is then the sum of N variables independently distributed and governed by a telegraph process ͓see Fig. 3͑b͔͒ . Figure 3͑c͒ shows a typical variation in the number of moving particles; in that case, the number of moving particles is a step-shaped function inheriting the statistical properties of the individual processes. Indeed, since each particle is governed by a telegraph process, the probability of observing it in motion is = / ͑ + ͒, i.e., it follows a Bernoulli distribution. Now, summing N particles following a Bernoulli distribution leads to a binomial distribution with mean n = N and variance ͑1−͒N. We then conclude that with our assumptions, the number n of moving particles is distributed according to a binomial distribution, which means that if stays constant independently of the number of particles N when L → ϱ, then the probabil- FIG. 3 . ͑a͒ Succession of resting and moving phases for a single particle. ͑b͒ Superimposition of N telegrapher's processes. ͑c͒ The number of moving particles is computed as the sum of the state variables; the waiting time for a single particle is defined as the time period elapsed between two events of the same type. Simulations made with N = 3 particles, = 5 s, and =10 s.
ity distribution of n tends toward a Gaussian distribution. If we further assume that whenever a particle is set in motion, it reaches a fairly constant velocity u p ͓29͔, then using Eq. ͑3͒ leads to concluding that the probability distribution of the solid discharge is the binomial distribution Bi, with mean Nu p and variance ͑1−͒Nu p 2 ,
In the large N limit, this distribution tends to be Gaussian. Since the sum of Poisson-distributed variables also has a Poisson distribution, we infer that the number of deposition and/or entrainment events per unit time has a Poisson distribution: the probability that we observe k entrainments within the time interval ␦t is given by
with = N␦t / . Instead of the Poisson distribution for characterizing the number of events per unit time, we can equivalently use the exponential distribution for specifying the lag times between two events; the mean waiting times between two entrainments within the observation window is ͑ + ͒ / N. The autocorrelation function of N parallel telegrapher's processes is
with * = / ͑ + ͒ / N. It is worth noting that, with our assumptions, the solid discharge and the number of moving particles have the same autocorrelation function. According to Einstein ͓19͔, the probability of entrainment is the fraction of time = / ͑ + ͒ that a particle is in a moving state. It also represents, on average, the relative number of particles ͑i.e., p͒ that have moved within the observation window for a given time interval ͓27͔. Moreover, in Einstein-type theories, particle entrainment results from a loss of stability: when the instantaneous lift and/or drag force exceeds the resisting forces, the particle is dislodged from the bed and starts to roll. By relating the fluid forces to the instantaneous fluid velocity u f , we can deduce the fluid threshold u c corresponding to incipient motion ͑e.g., see Refs. ͓27,30͔͒. The probability p is then defined as p = = Prob͑u f Ͼ u c ͒. Over the time interval t b , the number of particles that are entrained is then n b→m = Np, while the number of particles that come to a halt is n m→b = n͑1− p͒ over the period t m . In steady flow conditions, Eqs. ͑4͒ and ͑3͒ lead to
which is formally similar to Eq. ͑A1͒ derived by Einstein, except that the solid discharge is now explicitly dependent on the particle velocity. Our goal is not to derive a complete discharge equation and so we do not go further by specifying the relation of p to the mean flow conditions, as Einstein ͓19͔ or subsequent authors did. Here we focus on the main elements of his theory, i.e., the general expressions of the deposition and entrainment rates, the solid discharge, and the number of particles in motion. We have not only inferred the mean values of these variables, but also their expected statistical distributions.
III. EXPERIMENTAL FACILITIES AND TECHNIQUES

A. Overview
In order to test the influence of fluid velocity on bed-load transport, we ran six experiments with different flow rates in a two-dimensional channel ͑see Sec. III B͒. The features of each run are summarized in Table I . The hydraulic conditions are specified using classic dimensionless numbers. The flow Reynolds number is defined as Re= 4R h ū f / , where R h = Wh / ͑2h + W͒ denotes hydraulic radius, ū f = q w / ͑Wh͒ fluid velocity ͑averaged in the y and z directions͒, kinematic viscosity of water, and h the time-averaged water depth. The
Froude number Fr= ū f / ͱ gh varied significantly over the duration of the experiment and along the main stream direction. The mean Fr values are reported in Table I . The Shields number is defined as N Sh = f ū f 2 / ͓͑ p − f ͒gh͔ and reflects the ratio of the water driving force to the friction resistance force on the bed ͓23͔. The solid concentration is defined as the ratio of the solid and water discharges C s = q s / q w . Values reported in Table I are low, which indicates that particle flow was dilute. The h / d ratio is low, typically in the range 1.7-3.2.
B. Channel
Experiments were carried out in a tilted, narrow, glasssided channel, 2 m in length and 20 cm in height. Figure 4 shows a sketch of the experimental facility. The channel width W was adjusted to 6.5 mm, which was slightly larger than the particle diameter ͑6 mm͒. In this way, particle motion was approximately two dimensional and stayed in the focal plane of the camera ͑see Sec. III E and Sec. III F͒. The channel slope tan was 10%.
C. Channel base and mobile bed
The channel base consisted of half-cylinders of equal size ͑a =3 mm͒, but they were randomly arranged on different levels, from 0 to 5.5 mm, by increments of 0.5 mm. These levels were generated using a sequence of uniformly distributed random numbers. Disorder was essential, as it prevented slipping of entire layers of particles on the upper bed surface, which would have induced artificial erosion conditions. The effects of bed disorder have been addressed in an earlier paper ͓23͔.
An obstacle was set at the channel outlet to allow bed formation and prevent full bed erosion. Its height could be adjusted. Because disorder in the bed-particle arrangement was dependent on the number of layers, the height of the obstacle influenced the entrainment rate and thus the solid discharge ͓31͔. In order to promote disorder, we selected an obstacle height of three particle diameters.
D. Solid and water supplies
Colored spherical glass beads with a nominal diameter 2a of 6 mm and a density p of 2500 kg/ m 3 ͑provided by Sig-mund Lindner GmbH, Germany͒ were used. They were injected from a reservoir into the channel using a wheel driven by a direct current motor and equipped with 20 hollows on the circumference, as depicted in Fig. 4 . For the experiments presented here, the injection rate ṅ 0 ranged from 5 to 20 beads per second, with an uncertainty of less than 5%. This corresponded to a solid discharge per unit width q s / W of 9-38ϫ 10 −5 m 2 / s. The water supply at the channel entrance was controlled by an electromagnetic flow meter provided by Krohne ͑France͒. The discharge per unit width q w / W ranged from 4 to 10ϫ 10 −3 m 2 /s. The hydraulic conditions ͑velocity profile, bed friction, etc.͒ have been specified in earlier papers ͓23,32͔. Although the flume was narrow, its hydraulic characteristics were similar to those observed in wide channels provided that the flows were shallow. Moreover, making the solid discharge equation dimensionless and comparing it with other laboratory data showed that the features of sediment transport in our flume were quite comparable with those observed with other flumes, although we used spherical particles as well as a narrow and steep channel ͓33͔.
E. Experimental procedures
The experimental procedure can be split into three major steps. First of all, a particle bed was built along the channel base, which remained stationary on average. To that end, an equilibrium between the water discharge, solid discharge, bed elevation, and channel slope was sought. This equilibrium was reached using the following procedure:
͑1͒ The water discharge q w was set to a constant value. ͑2͒ An obstacle ͑approximately 20 mm in height͒ was positioned at the downstream end of the channel. The solid discharge ṅ 0 at the channel entrance ͑or the injection rate͒ was set to a constant value. The solid discharge q s was calculated by the relation q s = d 3 ṅ 0 / 6. The first beads supplied by the feeding system were stopped by the obstacle at the channel outlet and started to form a bed. The bed line rose to the level of the obstacle and beads began to leave the channel. After approximately 10 minutes, the system arrived at TABLE I. Flow characteristics and time-averaged values of dimensionless numbers characterizing bed load and water flow. The slope is kept constant: tan = 10%, while the solid discharge at the inlet ṅ 0 is altered. The notation E10-6 means tan = 10% and ṅ 0 Ϸ 6 beads/ s. The measured solid discharge within the observation window is denoted by ṅ . Re, Fr, and N Sh are the Reynolds, Froude, and Shields dimensionless numbers. The time-averaged particle velocity in the rolling ͑saltating, respectively͒ regime is denoted by ū r ͑ū s , respectively͒, while n r ͑n s , respectively͒ represents the mean number of rolling ͑saltating, respectively͒ particles; the variance ͑Var͒ of n r and n s is provided. We have also reported the autocorrelation time t e of the rolling-particle number n r ͑t͒. bed-load equilibrium, i.e., there was no more bed deposition or erosion over a sufficiently long time interval. ͑3͒ In order to make the bed line parallel with the channel base, the water discharge was then adjusted. After several iterations, we arrived at the configuration of a bed that consisted of two to three almost stationary bead layers along the channel, for which the bed line slope matched the channel base inclination. Average equilibrium conditions were sustained over long time periods, typically as long as 30 minutes.
Once bed equilibrium was reached, the particles and the water stream were filmed using a Pulnix partial scan video camera ͑progressive scan TM-6705AN͒. The camera was placed perpendicular to the glass panes at 115 cm away from the channel, approximately 80 cm upstream from the channel outlet. It was inclined at the same angle as the channel. Lights were positioned in the backside of the channel. An area of L = 22.5 cm in length and 8 cm in height was filmed and later reduced to accelerate image processing. Refer to the EPAPS document ͓25͔ to obtain a short video of run E10-8.
The camera resolution was 640ϫ 192 pixels for a frame rate of f = 129.2 fps ͑exposure time: 0.2 ms, 256 gray levels͒. Each sequence was limited to 8000 images due to limited computer memory; this corresponded to an observation duration of approximately 1 minute.
Each experiment was repeated at least twice in order to spot possible experimental problems and to get an idea of the data scattering.
F. Image processing
Images were analyzed using the WIMA software, provided by the Traitement du Signal et Instrumentation laboratory in Saint-Etienne ͑France͒. Positions of the bead mass centers were detected by means of an algorithm combining several image-processing operations. It compared the filmed images with the image of a model bead and calculated the correlation maxima to obtain the bead positions. The water free surface ͑averaged in the direction perpendicular to the channel walls͒ was detected using its slim form; missing portions were interpolated or extrapolated. Since the experiments involved a mobile bed, the water depth was defined as the difference between the free surface and the bed surface elevation. Arbitrarily, we considered that the bed surface profile is the broken line linking the top points of the uppermost resting or rolling beads. Figure 5 depicts such a broken line at a given time. Determining the particle states is trickier ͓23͔. Conflicts in the algorithmic state determination arose because distinguishing between incipient motion and small drift ͑particle oscillations, slight displacement induced by collisions, etc.͒ was difficult. In our statistical analysis, we considered a fourth population of particles ͑undeterminate state͒ that we do not describe here; this detail must, however, be kept in mind when looking at Table I since a small deviation between the computed solid discharge, on the one hand, and the number of moving particles and their velocities, on the other hand, can be observed. For more details, the reader can refer to Refs. ͓34,35͔.
IV. EXPERIMENTAL RESULTS
As we shall see below ͑Sec. IV A͒, the generalized Einstein theory predicts a number of features such as the nearly Gaussian distribution of the solid discharge, the Poissonian character of the occurrence of entrainment and/or deposition over time, and the exponential decrease in the autocorrelation function of the number of particles moving within the observation window. There are also a number of features that conflict with the fundamental assumptions underpinning this theory. In Sec. IV B, we will see that the probability distributions of the key variables have much thicker tails than expected. This will be interpreted as the hallmark of cooperation processes between particles when they are entrained or when they move. Figure 6 shows the time variations in the solid discharge ṅ , the number of particles n r in a rolling regime, the number of particles in a saltating regime n s , the number of particles that passed from a resting state to a rolling state ͑r → b͒ and conversely ͑b → r͒, and the number of particles that experienced rolling and/or saltating transitions ͑r ↔ s͒. This diagram represents the results obtained for a mean bed slope of 0.1 and a solid discharge at the flume inlet ṅ 0 = 8 beads/ s ͑experiment 10-8 in Table I͒ ; these plots are typical of the results that we obtained for other solid discharges ṅ 0 .
A. Solid-discharge time series
Note that in these state transitions ͓see Figs. 6͑d͒ and 6͑e͔͒, more than one particle can be involved; because of the limitation of the acquisition rate of our high-speed camera ͑130 images per second͒, we could not resolve two events that occurred over very short time intervals. This limitation may pose problems when interpreting the Markovian properties of our time series ͑see below in this section͒.
A striking point in Fig. 6 is the wide fluctuations that all the time series exhibit. Typically, the solid flow rate ranged from 0 to 22 beads/ s, while the mean flow rate imposed at the inlet was ṅ 0 = 8 beads/ s. For the rolling regime, the fluctuation range was 0-40 beads within the observation window, whereas the mean number was n r = 9.7 beads. The origins of these fluctuations have been partly discussed in an earlier paper ͓23͔. In that paper, we tried to understand the origins of the fluctuations by altering particle arrangement within the bed. It was shown that the soliddischarge fluctuations resulted, to a large extent, from the finite size of the observation window. Since the solid discharge was computed using Eq. ͑3͒, it was directly related to particle velocities and thus inherited their stochastic variability. It was also observed that these fluctuations were strong compared to experiments run with a stationary bed ͑i.e., deposition and entrainment of particles were not possible͒. Here we are attempting to gain insight into the role played by fluctuations in the sediment-transport processes by keeping the same particle arrangement within the bed, but varying the water flow rate while maintaining bed equilibrium ͑neither net erosion nor deposition over long time scales͒.
As shown in Fig. 7͑a͒ , the empirical probability distribution of solid discharge is closely approximated by a Gaussian distribution, although, in places, there are spikes departing from the Gaussian trend. These spikes reflect the existence of a finite number of particles within the observation window ͓23͔. This Gaussian behavior is expected since the solid discharge is defined as the product of the number of moving particles and of their velocities ͓see Eq. ͑3͔͒. Indeed, if the particle velocities are sufficiently agitated ͑resulting in a random velocity distribution͒ and the number of moving particles within the observation window varies significantly with time, the law of large numbers supports this expectation.
As expected, the autocorrelation functions of the measured signals ṅ ͑t͒, n r ͑t͒, and n s ͑t͒ are similar. As shown by Fig. 7͑b͒ , the typical behavior is the same: ͑i͒ we observe a fairly slow exponential decrease, i.e., for short times, we have ͑s͒Ϸexp͑−t / t e ͒ with t e a typical time scale; ͑ii͒ the typical time scales t e related to each signal are very close. For experiment E10-8, we found t e Ϸ 230 ms. The autocorrelation times for other experiments are reported in Table I .
In our earlier paper ͓23͔, the time scale t e was interpreted as the typical travel time of the moving particles through the observation window. While this interpretation seems reasonable for the solid discharge, there is at first glance no clear reason why this should be so for the number of rolling and/or saltating particles. One could call on the following explanation for the similarity in the autocorrelation functions: once a particle experiences a transition into another regime, it moves at approximately the same velocity as the mean phase velocity and hence one expects that the autocorrelation time n r ͑t͒ and n s ͑t͒ is somehow related to a travel time. However, since their mean phase velocity was quite different ͑see Table  I͒ , their autocorrelation times should also be different.
In Sec. II B, we have also shown that for particle entrainment, the waiting-time distribution should follow an exponential distribution of rate r = N / ͑ + ͒. A particular problem encountered here in evaluating the parameter r is that we could not resolve successive events when they occurred within a very short time interval ͑less than the acquisition rate of our camera, i.e., for lag times shorter than 2 / 130 = 0.015 s͒; this means that we should censor the lag-time sample to remove the lowest values if we want to properly evaluate the sample distribution. This also implies that we cannot demonstrate the Markovian character of the measured random variables and this explains why in Fig. 6͑e͒ , we can occasionally observe several events occurring at the same time ͑in contradiction with a Markovian theory͒.
Within the Eulerian framework adopted in Sec. II B, we referred to an event as any instance where the number of moving particles is changed within the observation window. Figure 3 shows how the step-shaped character is inherited from the individual changes of state. Experimentally, we counted the number of particles that were entrained within the time interval ͑1 / 130= 7 ms͒ during which one image was captured by the camera; we did the same for the number of particles that were deposited or experienced a transition to a saltating regime. In doing so, we obtained a time sequence of events, as shown in Figs. 6͑d͒ and 6͑e͒ . In this context, the lag time is just the amount of time separating two events of the same type. This lag time is a random variable. Figure  8͑a͒ shows the empirical probability distribution function of the lag times ⌬t for the different classes of events ͑entrain-ment or deposition, transition to a rolling or a saltating regime͒. We have superimposed the exponential distribution, the coefficient of which has been adjusted using the method of moments on the whole sample. As expected, the exponen- FIG. 7 . ͑a͒ Probability distribution function ͑pdf͒ of the solid discharge for experiment E10-8 ͑ṅ 0 = 8 beads/ s; mean bed slope tan = 0.1͒: the dots represent the empirical pdf, whereas the solid line is a Gaussian distribution adjusted on the data ͑mean, 7.93; standard deviation, 3.49͒. ͑b͒ Autocorrelation function for experiment E10-8: the thick dotted line corresponds to the solid discharge ṅ , the thin solid line to the number of rolling particles n r , and the dashed line to the number of saltating particles n s .
FIG. 8. ͑a͒
Probability distribution of the time lag ⌬t between two events ͑change in state͒: the filled disks represent the state transition b → r ͑entrainment, b→r ͒, while the empty disks represent the state transition r → b ͑deposition, r→b ͒; the solid line provides the exponential probability distribution adjusted on the data b ↔ r ͑using the method of moments͒. The filled boxes represent the state transition r → s, while the empty boxes represent the converse transition s → r; the dashed line is the exponential probability distribution adjusted on the data r ↔ s. ͑b͒ Variation in the lag times ⌬t b→r ͑filled disks͒, ⌬t r→b ͑empty disks͒, ⌬t r→s ͑filled boxes͒, and ⌬t s→r ͑empty boxes͒.
tial distribution is a fairly good representation of the lag-time distribution whatever the type of exchange except at low values of ⌬t, for which the empirical distribution departs significantly from the exponential trend. Adjustment provides the following characteristic times for each transition type for experiment E10-8: ⌬t b→r = 33.9 ms, ⌬t r→b = 31.7 ms, ⌬t r→s = 57.4 ms, and ⌬t s→r = 61.3 ms. For all experiments, the mean lag times are reported as a function of the mean fluid velocity in Fig. 8͑b͒ .
Up to this point, the generalized Einstein theory is qualitatively consistent with our laboratory experiments. A discrepancy is, however, noticeable. In Sec. II B, we found that the autocorrelation time t e was * = / ͑ + ͒ / N and the waiting time was ⌬t b→r = r −1 = ͑ + ͒ / N. From these relations, we deduce that the ratio
is in contradiction with our experimental results, since for instance for E10-8, we have * / ⌬t b→r = 6.9. The autocorrelation time is much longer than expected. As we shall see in the next section, this result is not fortuitous and illustrates the existence of long-range correlations in the physical processes governing sediment transport.
B. Probability distribution of the number of moving particles
Analyzing the probability distribution of the number of moving particles is richer than examining that of the solid discharge because the latter combines two sources of fluctuations: the number of particles and their velocities, which makes it difficult to properly interpret them. Here, we will focus on the probability distributions of the number of rolling particles n r ͑see Fig. 9͒ and moving particles n m ͑see Fig.  10͒ ; "moving particles" refer to all particles in motion ͑in a rolling or a saltating regime͒. However, given the similarities between the two categories of particles, we will only comment on the former group. Figure 9 shows how the probability distribution of n r changes when the fluid velocity is increased. At low fluid velocities, the probability distribution is close to a straight line in a log-linear diagram, revealing an exponential behavior. At higher fluid velocities, the probability distribution takes the shape of an asymmetric bell, with its maximum moving from left to right. At first sight, the prominent impression is that increasing the solid discharge leads to making the probability distribution of n r more Gaussian.
In the generalized Einstein theory presented in Sec. II B, we inferred that the number of moving particles should be distributed according to a binomial law, with mean n = N and variance ͑1−͒N where N is the density number of particles lying on the bed and = / ͑ + ͒ is the mean relative time during which a particle is maintained in motion by the stream. A particularity of the binomial law is that its variance must be lower than its mean. For all our experiments, we found that the sample variance exceeded the sample mean. For instance, for experiment E10-8 ͓see Fig.  9͑c͔͒ , the mean number of particles is n r = 10.4, whereas the FIG. 9. ͑Color online͒ Probability distributions of the number of rolling particles. The dots represent the empirical probability mass functions. The dotted lines represent the negative binomial distribution, while the dashed lines represent the gamma distribution. ͑a͒ Experiment E10-6, ͑b͒ experiment E10-7, ͑c͒ experiment E10-8, ͑d͒ experiment E10-9, ͑e͒ experiment E10-16, ͑f͒ experiment E10-21.
variance is Var͑n r ͒ = 55.8. For all probability distributions, the distribution tail is much thicker than expected.
Since thick tails are often associated with collective phenomena ͓24͔, it is worthwhile characterizing these distributions more accurately. We found that the negative binomial distribution provides a fairly proper representation of the empirical distribution, as shown in Fig. 9 . Small departures are observed in the distribution tail ͑insufficient number of data͒ and when n r → 0. Note that it was not always very easy to distinguish between incipient motion and oscillations of bed particles ͑see Sec. III F͒ and consequently our imageprocessing algorithm failed at times to count the exact number of moving particles. The small deviations between the theoretical and empirical probability distributions may result from this uncertainty on n r . Except for the behavior close to the boundaries, the whole trend is well represented by the negative binomial distribution. Instead of a discrete distribution, we can use a continuous probability distribution to approximate the empirical distribution of n r . A natural candidate is the gamma distribution, which can be fairly well adjusted on data, as shown in Fig. 9 .
This observation is of fundamental importance since it conflicts with the assumptions underlying the birth-and-death process used in the theoretical derivation ͑see Sec. II B͒. Indeed, if the particles are independent and identical, then one obtains a binomial distribution whatever the model taken for rest and/or move, provided that the flow is steady and there is bed equilibrium. The only way to obtain a nonbinomial behavior would be to have ͑i͒ unsteady flow conditions or ͑ii͒ nonidentical or dependent particles.
Concerning point ͑i͒, it should be remembered that the negative binomial distribution Neg͑k ͉ r , p͒ can be seen as a Poisson distribution Po͑k ͉ ͒, the rate coefficient ͑͒ of which is not constant, but randomly distributed according to a gamma distribution ⌫͑·͉r , p −1 −1͒
This boils down to assuming that the bead supply is not constant, but randomly distributed. This is in contradiction with the boundary conditions that we imposed at the channel inlet. Point ͑ii͒-nonindependence particles-is physically more convincing. In our experimental observations, we observed that particles preferably moved in groups and over a very short time interval; many particles can be entrained because the dislodgement of one particle entailed the loss of stability of several neighboring particles. These observations may be made clearer by examining the spatiotemporal bead propagation ͓i.e., by reporting the particle movement in the ͑x , t͒-plane͔. Figure 11 shows the bead propagation, including a sketch of how the diagram was obtained. Only beads in saltation ͑black lines͒ and rolling ͑gray lines͒ are presented; beads at rest have been omitted for the sake of clarity. Beads entered the observation window on the left and exited on the right. The time propagation is downward. Since the x component of the velocity of a bead is the ratio between the x displacement and the elapsed time, it is equivalent to the FIG. 10 . ͑Color online͒ Probability distributions of the number of moving particles. The dots represent the empirical probability mass functions. The dotted lines represent the negative binomial distribution, while the dashed lines represent the gamma distribution. ͑a͒ Experiment E10-6, ͑b͒ experiment E10-7, ͑c͒ experiment E10-8, ͑d͒ experiment E10-9, ͑e͒ experiment E10-16, ͑f͒ experiment E10-21.
slope of the curve. Given that beads usually moved faster in the saltating regime than in the rolling regime, the ⌬x / ⌬t quotient was larger, as shown in the diagram. Note as well that the beads in saltation typically travelled distances as long as the window length before coming to rest, whereas beads in the rolling regime often moved only a few bead diameters before stopping again.
Furthermore, different events ͑at a certain x position and a certain time; see Fig. 11͒ could be observed, for example, ͑i͒ a series of four particles was set into rolling movement ͑see Fig. 11 at x Ϸ 150 mm, t Ϸ 0.4 s͒.
͑ii͒ A bead in saltation was decelerated suddenly because of a collision with another bead. It switched into a rolling regime but returned to saltation a few images later. The bead that had been hit moved about one diameter then came back to rest ͑see Fig. 11 at x Ϸ 150 mm, t Ϸ 1.5 s͒.
͑iii͒ The diagram shows that there were beads frequently switching between rest and rolling; others were switching between the rolling and the saltating regimes, whereas the transition from rest to saltation via rolling ͑or from saltation to rest͒ was rare.
͑iv͒ A striking feature is that the liftoff and settling events often occurred in tight ranges of x. We observed, for example, seven liftoffs in the range of 10 mmϽ x Ͻ 40 mm in the time period 0 s Ͻ t Ͻ 3 s and eight settling events in the range of 140 mmϽ x Ͻ 170 mm in the period 1.5 s Ͻ t Ͻ 4 s.
Note that, in the diagram of Fig. 11 , we show only 4 s of the sequence, whose total duration exceeded 60 s. The events cited were nevertheless typical of the experiment and reproduced with modifications over the whole sequence. Statistical tests were carried out to determine the relations between cooperative motion ͑or dislodgement͒, the bed configuration ͑i.e., how the particles are arranged in the close neighborhood͒, and the flow conditions ͑i.e., triggering mechanisms such as particle collision͒. Analyzing the image sequences allowed us to formulate different scenarios, but we failed to find any statistical relevance for these scenarios.
V. CONCLUDING REMARKS
In this paper, idealized experiments of sediment transport were presented and analyzed in light of Einstein's theory. In the 1940s, Einstein developed a heuristical stochastic theory on sediment transport, based on the recognition that at low fluid velocities, particle transport is highly intermittent ͓19͔. Following the interpretation primarily proposed by Lisle et al. ͓26͔ , we revisited Einstein's original formulation by stressing the key physical ingredients used in his derivation; we notably showed that describing entrainment and deposition as a birth-and-death process made it possible to retrieve Einstein's bed-load equation and to predict a number of features concerning the probability distributions of the key variables. This statistical description turns out to be especially helpful when testing the reliability of Einstein-type theories: indeed, given the complexity of the physical processes involved, these theories use ad hoc parameters, which must be adjusted. Because of this fitting, any direct comparison against data is biased to a large extent. Moreover, this statistical description may reveal a number of important hidden facets in the physics of sediment transport. For instance, a key assumption in sediment-transport theories is that at low fluid velocities, particles act independently, i.e., the state of a single particle is little or not influenced by other particles. With this assumption, we showed that the probability distribution of the number of moving particles should be binomial and tend quickly toward a Gaussian distribution in the largenumber limit.
Our experimental results provided evidence that, although some statistical properties ͑such as the autocorrelation function of the solid discharge͒ predicted by Einstein's theory were consistent with our data, the autocorrelation functions of the number of moving particles and their mass distribution functions violated the assumptions underpinning Einstein's theory. Typically, the autocorrelation time was much longer than expected and the mass distribution function had a much thicker tail than predicted using Einstein's arguments. For instance, from the theoretical standpoint, the number of moving particles within any observation window is a random number distributed according to a binomial distribution; in the large-number limit, the theoretical distribution should tend very quickly toward a Gaussian limit. In contrast, our experiments showed that the sample variance outweighed the sample mean and a negative binomial distribution fits the data better. This means that extreme events ͑i.e., a large number of moving particles͒ are much more frequent than expected. Furthermore, our experiments showed that the convergence toward the Gaussian limit is slow. At the lowest solid discharges achievable with our system, the probability distribution of the particle number is closer to an exponential FIG. 11 . From the image sequence to the bead propagation in the plane ͑x , t͒. Experiment E10-8. We marked the transition from rest to rolling ͑respectively, from rolling to rest͒ of the liftoff events ͑respectively, the settling events͒ by triangles ͑respectively,
distribution. When increasing the solid discharge, the variance and/or mean ratio decreases and the probability distribution becomes increasingly bell shaped.
The discrepancy between theory and experiment revealed the existence of long-range correlations in particle motions. Taking a closer look at the resting and moving states showed that on many occasions, particles moved in well-separated groups. Collective displacement and entrainment of particles explained why the particles were to some extent dependent and thus why the autocorrelation time was much longer than expected.
One might think that aggregate transport was promoted by particle sphericity and equal size. Our observations are, however, well supported by field measurements, which documented similar processes in gravel-bed rivers ͓16͔. The wide range of fluctuations exhibited by laboratory or field measurements ͓1-3͔ also confirmed the existence of thick-tailed probability distributions for sediment transport involving irregular particles.
The present study has many important implications. First, it provides a plausible explanation about the failure of all mean-field theories on bed-load transport ͑at low water discharges͒, which ignore any cooperation effects between particles. It thus motivates further research with a clear focus on collective effects in entrainment and displacement of coarse particles as a result of fluid action. Second, our investigation has shown the transition to a non-Gaussian behavior toward a Gaussian behavior in the moving-grain population; this transition may explain why mean-field theories successfully describe the water and/or solid discharge relations at high water discharges, while they fail at low water discharges. A striking point is that cooperation turned out to be of great influence when little particles were in motion, but of decreasing strength when the number of particles was increased. Third, this work sheds some light in the critical issues concerning bed-load measurement in rivers ͓20͔. Hydraulicians and geomorphologists use various systems ͑Helley-Smith sampler, bed-load trap͒ to measure the solid discharge by capturing sediment over a given time interval. The crux of the issues lies in the proper selection of the sampling time ͑ranging from a few seconds to several minutes͒, and this difficulty of selecting a proper time scale is illustrated by the large differences among various measurement systems.
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APPENDIX: EINSTEIN'S ORIGINAL FORMULATION
Derivation
In Einstein's theory, the bed-load discharge q s is defined implicitly as the imbalance of entrainment and deposition rates, Ẽ and D , respectively,
Under steady and uniform flow conditions, the discharge gradient vanishes and Ẽ = D ; Einstein used this equality to compute the solid discharge by assuming that the deposition rate D is an implicit function of the solid discharge ͓19͔, as we shall see.
Einstein considered a window of length L =2a, through which he observed sediment transport. is a free parameter that will be specified below. The deposition rate D is defined as the number of particles deposited per unit time within this window,
where v p =4a 3 / 3 is the particle volume. The number of particles eroded is related to the probability p that a stationary particle is entrained by the stream over a given time interval t c . Since there are approximately N =2a / ͑2a͒ = particles lying at the top of the bed within the window, Einstein defined the entrainment rate per unit time as E = p t c .
According to Einstein, the proper time scale t c is related to the particle sedimentation velocity u s : t c = ka / u s , where k is a constant parameter. He also explained that the window length L must be selected so that it corresponds to the mean of the probability distribution of the distances travelled by the moving particles until they are deposited. He considered that this probability distribution is related to the entrainment probability p as follows. Let us consider that n particles are entrained; the mean distance travelled by a particle is denoted by ᐉ. After travelling the distance ᐉ, ͑1− p͒n are deposited while pn are not deposited. Among these particles, p͑1− p͒n are deposited after traveling the distance 2ᐉ, but p 2 n are still in motion, and so forth. The mean deposition distance is then 2a = ͚ n=0 ϱ ͑1− p͒p n ᐉ = ᐉ͑1− p͒ −1 . From these considerations and the balance E = D, he deduced that
2 u s . ͑A1͒
Comments
First, as pointed out by Lisle et al. ͓26͔, Einstein implicitly considered that bed-load transport results from alternating periods of motion and rest with a typical time scale of motion that remains very short compared to the resting time. In short, in Einstein's approach, solid discharge does not de-pend on particle velocity, but only on the rate at which grains are entrained from the bed. At approximately the same time as Einstein, Kalinske ͓36͔ derived a bed-load equation from particle velocity, but without determining the number of particles in motion. Surprisingly enough, it turns out that the two major ingredients used here ͑the particle velocity and the number of particles in motion͒ were already recognized 60 years ago as important when taken separately, but their combination seems to have been overlooked. Second, Einstein introduced the inverse of the settling velocity u s of the particle as the characteristic time t c , but without really providing support for this. A number of papers then elaborated on Einstein's formulation and proposed different expressions for the typical time scale t c . For instance, instead of t c ϰ a͑u s ͒ −1 , Paintal ͓37͔ and Cheng ͓38͔ proposed a different definition of the resting time or exchange time t c ϰ a͑pu * ͒ −1 , with u * the shear velocity, which results in a markedly different dependence of the solid charge on p. Paintal ͓37͔ found that ṅ ϰ p 3 ͑1− p͒ −1 versus ṅ ϰ p 2 ͑1− p͒
Third, in Einstein's approach, the entrainment rate is E = pNu s / ͑ka͒, where N is the density number of particles available at the bed surface. This definition implies that at high fluid velocities, the entrainment rate tends toward a constant because the exceedance probability p comes close to unity, which does not make sense. This shortcoming has been seen as a failure of Einstein's approach in computing the solid discharge for any flow rate ͓39͔. In fact, this shortcoming stems from the ad hoc assumptions used by ͓19͔, who considered that the features of particle motion remain constant whatever the flow conditions, which contrasts with observations ͓32͔. Note also another obvious limitation of Einstein-type models. At high fluid velocity, the exceedance probability comes close to unity, which causes a nonphysical divergence of the solid discharge in Eq. ͑A1͒. In fact, although bed/stream exchanges are the key ingredient of bedload transport for weakly intense flow conditions, they are of decreasing importance with increasing fluid velocity because the bed-load transport takes the form of sheet flows with continuous particle motion ͓40,41͔.
